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>■ ■ Abstract 

(N 

A curve X is said to be of type (A^, 7) if it is an A-sheeted covering of 

^^ ' a curve of genus 7 with at least one totally ramified point. A numerical 

Q ■ semigroup H is said to be of type {N, 7) if it has 7 positive multiples of 

^ ; A in [A, 2A7] such that its 7*'' element is 2A7 and (27 + 1)A^ G H. 

If the genus of X is large enough and A is prime, X is of type 
(A^, 7) if and only if there is a point P £ X such that the Weierstrass 
O . semigroup at P is of type (A^, 7) (this generalizes the case of double 

coverings of curves). Using the proof of this result and the Buchweitz's 
semigroup, we can construct numerical semigroups that cannot be real- 
ized as Weierstrass semigroups although they might satisfy Buchweitz's 
criterion. 



> 

X 

-^ : 1 Introduction. 

In Weierstrass Point Theory one associates a numerical semigroup to any non- 
singular point P of a projective, irreducible, algebraic curve defined over an 
algebraically closed field. This semigroup is called the Weierstrass semigroup at 
P and is the same for all but finitely many points. These finitely many points, 
where exceptional values of the semigroup occur, are called the Weierstrass 
points of the curve. They carry a lot of information about the curve. 



^This work was iniciated while the author was in Rio de Janeiro (IMPA) 
with a grant from Cnpq - Brazil. 
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In 1893, Hurwitz asked about the characterization of the numerical semi- 
groups which arise as Weierstrass semigroups. See [E-H] for further historical 
information. Long after that, in 1980 Buchweitz [Bl] showed that not every 
numerical semigroup can occur as a Weierstrass semigroup, but has to satisfy 
the following criterion (which can be extended to singular curves by [SI, p. 
124]), 

(BC): "Let P be a non-singular point of a projective, irreducible, alge- 
braic curve defined over an algebraically closed field. If n > 2 and g is the 
arithmetical genus of the curve, then the cardinality of the set of sums of n 
gaps Gn at P is bounded above by the dimension of the pluri-canonical divisor 
nCx which is {2n - l)ig - 1) ". 

Moreover, Buchweitz showed that for every integer n > 2 there exist 
semigroups which do not satisfy the above criterion. However, as was no- 
ticed by Oliveira [O, Thm. 1.5] and Oliveira-Stohr [0-S, Thm. 1.1], this 
criterion cannot be applied to symmetric and quasi-symmetric semigroups 
because, in the first case #(?„ = (2n — l){g — 1) and in the second case 
#G'„ = (2n-l)((?-l)-(n-2). 

Let X be a projective, irreducible, non-singular algebraic curve of genus g 
defined over an algebraically closed field of characteristic p > 0. For a point 
P of X, let H[P) denote the Weierstrass semigroup at P. A curve is called 
7-hyperelliptic if it is a double covering of a curve of genus 7. A numerical 
semigroup H will be called 7-hyperelliptic if it has 7 positive even elements in 
the interval [2, 47] such that its 7*^ element is 47, and, 47 + 2 G i/. The reason 
for this terminology is the following result that has been proved for p = in 
[T, Thm. A and Remark 3.10]: 

Theorem 1. If (? > 67 + 4, then the following statements are equivalent: 

(i) X is 7-hyperelliptic. 

(ii) There exists P E X such that H{P) is 7-hyperelliptic. 

(iii) For some integer 2 < i < 7 + 2 such that 27 + i ^ (mod 3) if i < 7, 
there exists a base-point-free linear system on X of projective dimension 
7 + i and degree 47 + 2i. 

Using the proof of the implication (ii) =^ (i) above and Buchweitz's exam- 
ple, Stohr [T, Scholium 3.5] obtained symmetric numerical semigroups which 
cannot be realized as Weierstrass semigroups at points of non-singular curves. 
Since Stohr's examples does not depend on the characteristic p, we have that 
these examples cannot even be realized as Weierstrass semigroups for non- 
singular curves defined in positive characteristic. However, symmetric semi- 
groups can be realized as Weierstrass semigroups of Gorenstein curves [S]. Let 
Bh be the semigroup ring over an algebraically closed field of characteristic 



TORRES c 

zero associated to a numerical semigroup H. By the work of Pinkham [P], B^ 
is smoothable if and only if if is a Weierstrass semigroup. On the other hand, 
H is symmetric if and only if Bh is Gorenstein (cf. [Ku]). Hence Stohr's ex- 
amples also show that the Gorenstein condition does not imply smoothability. 

The aim of the present paper is to give a generalization of the case p = 
of Theorem 1 to certain covers of degree N. This will allow us to construct 
numerical semigroups with a given last gap (the result of Theorem 1 just works 
for symmetric semigroups) that cannot be realized as Weierstrass semigroups 
at points of non-singular algebraic curves although they might satisfy Buch- 
weitz's criterion above (cf. Section 4). We introduce the following definitions: 

Definition 1. A curve X is said to be of type (A^, 7) if it is an A^-sheeted 
covering of a curve of genus 7 with at least one totally ramified point. 

Definition 2. Let A^ > 0, 7 > be integers. A numerical subsemigroup 
H of (IN, +) is said to be of type (A^, 7) if the following conditions are satisfied: 

(a) H has 7 positive multiples of A^ in the interval [A^, 2A^7], 

(b) the 7*^* element of H is 2A^7, and, 

(c) {2-f+l)NeH. 

These definitions are related to each other by Lemma 3.4 below. Let X be a 
curve of type (A^, 7) and P be a totally ramified point of X. If p = char{K) J/A" 
or if N is prime and the genus of X is large enough, then the semigroup H{P) 
satisfies conditions (a), (c) above, and 2N'~f G H{P). Moreover, H{P) will 
be of type (X, 7) whenever the genus is also large enough (Corollary 3.5) (the 
appearance of these semigroups in such a context justifies Definition 2). In the 
case where the covered curve is given as a quotient of X by an automorphism, 
the above results are included in an implicit way in T. Katos's paper [K, p. 395]. 
From an arithmetical point of view, we can say that every numerical semigroup 
H is a semigroup of type (1,7) with 7 equal to the genus of H. Moreover, 
given a positive integer N there exists a natural number 77V = '~fN{H) such 
that H satisfies conditions (a), (c) above (with N and 7iv) and 2X7 jv € H 
(Lemma 2.3 (ii)). The point is that it does not necessarily fulfil condition (b) 
(Remark 3.11 (i)). On the other hand, using a result of Rohrl [Ro, Th.3.1] 
we can construct curves that are not of type (X, 7). It follows also that there 
exist curves X of type (X, 7) which do not cover a curve of the form X/{T) 
for T an automorphism of order N defined on X. 

We now state the main result of this paper. For A, u, N and 7 integers we 
define: 

pi(A, AT, 7) = ^^^'^^^ + iV7 - AT + 1, (1) 

P2{N, 7) = N{2N - 1)7 -{N-1){N + 2), (2) 
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P3(iV,7) = (2iV-l)(iV7 + iV-l), (3) 

p,{A,u,N,j) = i(iV-iz-l)[(A-7-l)(iV+M)-2(iV7+iV-l)]+p3(iV,7). (4) 

Theorem A. Consider the foUowing statements: 

(i) X is a curve of type (A^, 7). 

(ii) There exists P E X such that H{P) is a semigroup of type (A^, 7). 

(iii) There exists P E X and an integer A such that the linear system \AP\ 
is base-point-free of dimension A — 7. 

Let A^ be prime and A > 27 + 1 an integer. 

(Al) li N ^ p = char{K) and g > pi(27, A,7) = ^^7 - A + 1 or if ^ > 
P2(A,7),then(i) => (ii). 

(A2) If(?>p3(A^,7),then(ii)^(i). 

(A3) If (? >pi(A,A,7), then (ii) => (iii). 

(A4) Let u = u{A) be the biggest integer < ^jz^zy'- ^^ ^^^ following condi- 
tions 

AN 
A^O (mod t) for t < , t 7^ A and (5) 

A — 'J 

g>p^{A,u,N,^) (6) 

hold, then (iii) =^ (i). 

Notice that for A = 2, statement (iii) of Theorem 1 is equivalent to state- 
ment (iii) of Theorem A because the 7-hyperelliptic involution is unique (if 
it exists) provided (7 > 47 + 1 (see e.g. [A, Lemma 5]). Definitions (3) and 
(4) are derived from Castelnuovo's number (see Lemma 3.7 below) applied to 
a linear system of type Qj^'^"'', definition (2) arise from Castelnuovo's bound 
involving subfields of the field of rational functions of the curve (Lemma 3.2) 
while definition (1) comes from arithmetical reasons (Lemma 2.1). 

In Section 2 we study some arithmetical properties of the semigroups of 
type (A, 7). As in the 7-hyperelliptic case ([T, Lemma 2.6]), we find that the 
multiples of A contained in the semigroup are determined by properties (a) 
and (c) (Lemma 2.3 (i)). We also state sufficient conditions for a numerical 
semigroup to be of type (A, 7) (Corollaries 2.5 and 2.6). If A > 2 is an 
integer, we have a lower bound for the elements h of the semigroup such that 
gcd{h,N) = 1 (Lemma 2.1). This result generalizes Lemma 2.2 in [T]. Both 
Lemma 2.1 and Lemma 2.3 are used to obtain linear series on curves having a 
point with Weiertrass semigroup of type (A, 7). 

In Section 3 we prove Theorem A and some results concerning Weierstrass 
semigroups at totally ramified points. In Remark 3.11 we discuss the sharpness 
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of the bounds on g used in the results of the paper as well as the necessity of 
hypothesis (5). 

In section 4, using the proof of item (A2), we show how to construct numer- 
ical semigroups of type (A^, 7) that are not realized as Weierstrass semigroups 
of non-singular curves. We also construct numerical semigroups that do not 
satisfy Buchweitz's criterion for n = 2. These examples contain Buchweitz's 
semigroup and they may be well known, but we included them here in order 
to compare them with the semigroups arising from the proof of item (A2). 
We remark that an extension of item (A2) to the case of singular curves will 
provide us with examples of numerical semigroups that cannot be realized as 
Weierstrass semigroups even for singular curves. 

We have employed the methods used in [T] , where one of the key tools is 
Castelnuovo's genus bound for curves in projective space [C], [ACGH, p. 116], 
[R, Corollary 2.8]. Since the coverings considered here can be of degree bigger 
than two, we will also use as a key tool the other famous genus bound of 
Castelnuovo which concerns subfields of the field of rational functions of the 
curve [CI], [St]. 

Conventions. Throughout this paper, the word curve will mean a pro- 
jective, irreducible, non-singular algebraic curve defined over an algebraically 
closed field K of characteristic p > 0. By a numerical semigroup H we will 
mean a subsemigroup of (IN, +) whose complement in IN is finite. For i G IN, 
we denote by rrii = mi{H) the i^^ element of the semigroup H and by G{H) 
the set IN \ i7. When H is the Weierstrass semigroup of some point P, we just 
write H{P), G{P) and m, = mi{P). Given a curve X, the symbols g^, K{X) 
and diVoo(/) will denote respectively an r-linear system of degree d on X, the 
field of regular functions of X and the polar divisor of / G K{X). 

2 Semigroups of type (A^, 7). 

Let H he a numerical semigroup. The natural number g = g{H) := ^G{H) 
is called the genus of H. The elements of G{H) are called the gaps of H and 
those of H are called the non-gaps of H. 

Fix a positive non-gap m E H. For i = 1, ... ,m — 1, denote by Sj = 
Si{H,m) the smallest element of H such that Si = i (mod m) and then define 
Cj = ei{H,m) by the equation 

Si = Ci m + i . (7) 

By the semigroup property of H, we have that Cj is the number of gaps i for 
which i = i (mod m). Consequently 

m— 1 

9=T. ^i (8) 
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and also 

Cj + Cj > Ci+j, if i + j < m. 

(9) 

d + Cj > Ci+j^rn - 1, \i i+ j > m. 

Conversely, given numbers tti, ei, . . . Cm-i satisfying the above relations one 
indeed has a semigroup. In particular, m = mi and the respective e^'s com- 
pletely determine H (cf. [H]). Let A^ be a positive integer. We associate to H 
the number: 

-fN-={ieG{H):i = (modN)}. (10) 

Lemma 2.1. Let iJ be a numerical semigroup of genus g, N > 2 an 
integer, li h E H such that gcd{h, N) = 1, then 

2o - 2N-fN 
h> Ji ^ + 1 . 

- A^-1 

Proof. Set 7 = 7Ar and let m = Nn be the least positive non-gap of H 
which is multiple of A^. Then, 7 = Yh=i ^m and there exists i G {l,...,m — 1} 
so that gcd{i, N) = 1 and h > Sj. 

Claim. For A; = I, . . . , N - l;i = 0, . . . ,n - l;ki + Ni ^ (mod A^). 
Moreover these numbers are pairwise different modulo Nn. 

Indeed, if ki + N£ = (mod N), then ki = (mod N). Since gcd{i, N) = 1 
we have k = (mod A^), a contradiction. On the other hand, ki + Ni = 
kii + Ndi (mod Nn) implies (/c — A;i)i = (mod A^) and so /c — /ci = (mod 
A^) which gives k = ki. Consequently from Ni = Nii (mod Nn) we obtain 
that i = ii (mod n) and so i = ii. 

For k and i as in the above claim, write ki + Ni = a^Nn + r^^ (*) with 
< Tke < Nn. From (9) and induction on k and i we have 

kci + e^e > e^^^ — a^^ 

where we assume Cq := 0. Adding up these inequalities, from the Claim and 

(8) we get 

(A^-l)A^nei ,,, ,, x-- 

^ ^^ + iN-l)^>g-^-J2 a,e. 

Now from (*) and the Claim we have X^fc/ o-m = {N — l)(i — l)/2 and hence 
the proof follows from the above inequality and (7). □ 

Remarks 2.2. (i) The above lemma subsumes the following result due 
to Jenkins [J]: "let iJ be a numerical semigroup of genus g and < m < n 
non-gaps of H so that gcd{ni, n) = 1; then g < {ni — l){n — l)/2 ". Indeed, by 
using the notation of the lemma, take N = n; then 77V = and Jenkins' result 
follows with h = m. 
(ii) The lower bound of Lemma 2.1 is the number of ramified points minus one 
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of an A^-sheeted covering of curves of genus g and 'Jn- respectively (defined 
over a field of characteristic p )(N), where all the ramified points are totally 
ramified points. □ 

The next lemma will help us to understand the structure of the semigroups 
of type (iV,7). 

Lemma 2.3. Let H he a numerical semigroup. 

(i) Suppose that H fulfils conditions (a) and (c) of Definition 2. Set F := 
{{2-f + i)N -.i e S+}. Then: 

(i.l) F CH, 2N-f e H, 

(i.2) 7 = 7jv. 

(ii) Conversely, let A^ > be an integer. Then, H fulfils condition (a) and 
(c) of Definition 2 with A^ and '-f^, and 2N'~fi^ G H. 

Proof, (i) If 7 = then N E H and so we have (i.l) and (i.2). Let 
7 > 1 and denote by /i < . . . < /^ the 7 positive multiples of A^ non-gaps 
of H in [N,2N-f]. So /i > A^. Suppose that F ^ H and let (27 + i)N be 
the least element of F fl G{H). By the semigroup property of H we have 
(27 + i)N - fj G G{H) for j = 1, . . . , 7. Then, by the selection of (27 + i)N 
we have that {(27 + i)N — /,■ : j = 1, . . . , 7} are all the gaps i oi H such that 
i = (mod A^) and i < 2N'y. The least of these gaps satisfies {2'y + i)N — f^ > 
iN > 2N due to condition (c) of Definition 2. Consequently f\ = N which 
is a contradiction. The statement (i.2) follows from (i.l) since the gaps i for 
which i = (mod A^) belong to the interval [A^, 2A^7] . It remains to proof that 
2A^7 G H. Suppose that /^ < 2A^7. Then we get 7 + 1 gaps multiples of A^ 
namely, 2A^7 — /^, . . . , 2A^7 — /i, 2A^7 which is a contradiction due to (i.2). 
(ii) By the definition of 7 = 7Ar (see (10)), there exist at least 7 positive non- 
gaps - all of them being multiples of A^ - in the interval [A^, 2A^7] . Denote by 
fi < . . . < f-y such non-gaps. Let (i be the biggest gap of H so that £ = (mod 
A^). We claim that d, < /^, because on the contrary case we would have - as in 
the previous proof with d, instead of 2A^7 - (7 + 1) gaps which is a contradiction 
with the definition of 7. This implies that 2A^7, (27 + 1)A^, . . . are non-gaps 
and we are done. □ 

Corollary 2.4. Let Hhe a, numerical semigroup, 7 a non-negative integer, 
M, A^, r positive integers so that 2(7 -|- r)M > (27 + r)N. Then H cannot be 
both of type (A^, 7) and of type (M, 7 + r). 

Proof. Suppose H is both of type (A^, 7) and of type (M, 7 -|- r). From the 
previous lemma and since H is of type (M, 7 + r) we have 

2(7 + r)M = m^+^ < (27 + r)A^ . D 
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Using Lemma 2.3 (ii) and Lemma 2.1 we have the following criteria for the 
type (A^, 7jv) of numerical semigroups. 

Corollary 2.5. Let H he a numerical semigroup and A^ > an integer. 
Suppose that every h E H such that h ^ (mod A^) satisfies h > 2N'Jn + 1- 
Then, H is of type (A^, •y^). □ 

Corollary 2.6. Let iJ be a numerical semigroup of genus g and A^ prime. 

If ^ > pi(277v, A^, 7) = A^^77v - A^ + 1, then H is of type (A^, 7^). D 

We also have: 

Corollary 2.7. Let iJ be a semigroup of type (A^, 7) with A^ prime. Let 
A > 7 + 1 be an integer and g the genus of H. li g > pi{A,N,'j) (see (1)), 
then 

gcd(mi, . . . , mA--y) = N. □ 

3 Proof of Theorem A. 

We study certain A^-sheeted coverings 

TT-.X ^X 

of curves. To fix notation, we let X and X be curves of genus g and 7, 
respectively. We assume that there is a point P E X such that n is totally 
ramified at P, i.e., X will be a curve of type (A^, 7). We are mainly interested 
in relating the Weierstrass semigroups at P and P := tt{P). Since P is totally 
ramified, rhiN G H{P) for rhi G H{P). Moreover, since m^+j = 27 + j for 
j G IN, we have the following statements: 

(I) In = 1n{P) ■■= W e G{P) : £ = (mod A^)} < 7. 

(II) m^ = m^{P) < 2-fN G H{P). 

Note that equality in (II) implies equality in (I), and, H{P) is of type (A^, 7) if 
and only if equality in (II) holds. Moreover, if /i G H{P) so that gcd{h, N) = 1, 
from Lemma 2.1 and (I) we have 

2g-2N-fN 2g-2N-i , , 

h> — ^ + i>Ji L + i. 11 

- N-l - N-l ^ ' 

Hence we have the following generalization of [T, Lemma 3.1]. 

Lemma 3.1. Assume the above notation and suppose g > pi{2'~f,N,'j) = 
N'^'j - A^ + 1. Then, every h G H{P) such that 

g + N{N- 2)7 
A^-1 
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satisfies gcd{h,N) > 1. □ 

The following result - due to Castelnuovo - will be used, among other things, 
to prove the implication (ii) =^ (i) of Theorem A regardless of the characteristic 
of the base field and to construct examples in order to show that in some cases 
the bounds of our results are sharp. 

Lemma 3.2 ([CI, St]). Let X be a curve of genus g and Ki,K2 be 
subfields of K{X) with compositum K{X). If rii is the degree of K{X) over 
Ki and Qi is the genus of Ki for i = 1,2, then 

g < {ni- l)(n2 - 1) + Uigi + n2g2- □ 

For A^ prime, we have the uniqueness of n above provided g is large enough, 
and we also have a criterion to decide when a point is totally ramified: 

Corollary 3.3. Let X be a curve of genus g, N prime and 7 a non-negative 
integer. 
(i)If 

(?>P5(iV,7):=2Ar7 + (Ar-l)2, 

then X admits at most one X-sheeted covering of a curve of genus 7. 
(ii) Let P G X, X be a curve of genus 7 and, vr an X-sheeted covering map 
from X to X. Then, P is totally ramified for vr provided there exists h G H{P) 
such that 

{N-l)h<g-N-f + N-l. (12) 

Proof, (i) If K(X) have two differents fields Ki and K2 both of genus 7, 
then by Lemma 3.2 we have g < p^{N,'-f). 

(ii) Let / G K{X) with divoo(/) = hP and K be the compositum of K{f) and 
K{X). Using X prime and the hypothesis on h, from Lemma 3.2 it follows that 
K = K{X). Then, there exists / G K{X) so that f = f o Tt. Consequently, 
the ramification number of vr at P is X and so P is totally ramified for n. 

a 

Next we look for conditions to have equality in (I) or (II). 

Lemma 3.4. Let X, X, vr, P, P and X be as above. If either p = char[K) 
]X or X prime and g > P2{N, 7) (see (2)), then 

In = 7- 

Proof. It will be enough to show that: nX G H{P) =^ n E H{P). 
Case 1: p /X. Let z be a local parameter at P so that z^ is also a lo- 
cal parameter at P. Let \E' (resp. \E') denote the inmersion of X(X) (resp. 
X(X)) into the field of Puiseux series at P (resp. P) Pi = K{{z)) (resp. 
F2 = K{{z^))). Since \E' \k{x) = ^ we have that TrFi\F2°'^ = ^°^^i^(x)|i^(x) 
(*) (Tr means trace). Let / G X(X) with diVoo(/) = nN. Write / = 
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J2iZ-nN ^i^'' ■ Then, by considering the base {l,z, . . . ,z'^^^} of Fi \ F2, we 
have that TrF^\F2{.f) = H'lL-n^'^iNZ^^ ■ Consequently, from (*) it follows that 
the order of / := Trj^,-^-.^^,j^Af) at P is n and, since / has no other pole, 

diVoo(/) = nP and we are done. 

Case 2: g > p2{N,'~f). From the proof of Corollary 3.3 (ii) we have that 
/ = / o TT for some / G K{X) whenever divoo(/) = hP with h satisfying 
(12). Now, from the hypothesis on g we can applied the above statement for 
h e H{P) with h < 2N-f - N. D 

From (I), (II), (11) and the lemma above we obtain: 

Corollary 3.5. Assume the hypothesis of Lemma 3.4. 
(i) II(P) satisfies conditions (a), (c) of Definition 2 (with A^ and 7) and 2A^7 G 
HiP). 

(ii) Suppose A^ is prime. If either N ^ p and g > pi(27, A^, 7) = A^^7 — A^ + 1 
or 5f > p2iN, 7), then H{P) is of type (A^, 7). □ 

Remark 3.6. Let tt : X ^ X be an X-sheeted covering of curves of genus 
g and 7 respectively. Assume g > p2{N,'-f) and hence, in particular that vr is 
"strongly branched" (cf. [A]). When tt is a "maximal strongly branched" (e.g. 
N prime) we still have the result in Lemma 3.4 [A, Lemma 4]. □. 

To deal with the "geometry" of Theorem A we need the other Castelnuovo 
genus bound lemma: 

Lemma 3.7 ([C], [ACGH, p.ll6], [Ra, Corollary 2.8]). Let X be 
a curve of genus g that admits a birational morphism onto a non-degenerate 
curve of degree d in ]P'^{K). Then 

m(m — 1) / 
g < c{d, r) := (r — 1) + me 

where m is the biggest integer < {d — l)/(r — 1) and e = d — 1 — m{r — 1). 

n 

Lemma 3.8. Let X be a curve of genus g, N a prime and 7 > an integer. 
Let A > 27 + 1 be an integer satisfying the hypotheses (5) and (6) of item 
(A4) ( Theorem A). If X admits a base-point-free linear system g^'j^^ ■, then 
X is an X-sheeted covering of a curve of genus 7. 

Proof. Let vr : X — i> P^~'''(A') be the morphism defined by g^N^ ■ 

Claim: tt is not birational. 

If by way of contradiction tx is birational, we can applied the lemma above 
to obtain g < c{AN, A7) = p^^A, u, N, 7). 

Let t be the degree of tt and X the normalization of 7r(X). Then the 
induced morphism vr : X ^ X is a covering map of degree t and X admits 
a base-point-free linear system c/an^- In particular we have t < AN/ {A — 7) 
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and the hypothesis (5) imphes t = N. Now, by the Chfford's theorem we have 
that gA~^ is nonspecial, and consequently by the Riemann-Roch theorem the 
genus of X is 7 and the proof is complete. □ 

Proof of Theorem A. (Al): Corollary 3.5. 

(A2): Since P3(A^,7) > pi{2-f + 2,N,-f) from Corollary 2.7 we have D : = 
gcd(mi{P), . . . ,m^_|_2) = N. In particular m^^2 = (27 + 2)A^. Now, we can 
apply the Claim in the proof above with A = 27+2 and ^4(27+2, A^— 1, A^, 7) = 
P3(A^, 7) to conclude that the degree t of the rational map obtained from the 
liner system |m^+2-P| is bigger than 1. Due to the fact that t\D and A^ prime, 
we conclude that t = N, and by a similar argument to the above proof (last 
lines) we see that the covered curve has genus 7 and we are done. 
(A3): By Corollary 2.7 we have m^_^(P) = AN and it follows the proof. 
(A4): The above lemma shows that X is an iV-covering of a curve of genus 
7. Since the covering is given by |AiVP|, we have that P is a totally ramified 
point of 71 and the proof is complete. □ 

Corollary 3.9. (i) Let tt : X — > X be an X-sheeted covering of curves of 
genus g and 7 respectively. Suppose N prime and g > p3(X, 7). Then P is 
totally ramified for n if and only if H{P) is a semigroup of type {N, 7). 
(ii) Let if be a Weierstrass semigroup of genus g > p3(X, 7). Then H is of 
type (iV, 7) if and only if there exists an integer A G [27 + 2, 27 + 2 + jfzi] 
satisfying (5) and such that mA--y = AN. 

Proof, (i) Proof of item (A2) of Theorem A. 
(ii) For the numbers A in that interval we have pi{A, N,'j) < ^ ^ — — + 
{N — 1)^ < p3(A, 7) and hence the "if part of the statement is just item 
(A3). To prove the "only if part notice that u{A) = N — 1 and hence 
P4,{A, u{A), N, 7) = P3(A, 7). Now the hypotheses on A assure that the degree 
of the map obtained from |AAP| is N, and since this number is the g.c.d of 
the non-gaps mi, ... , m^„^, it follows the proof. □ 

Remark 3.10. Remark 3.11 (ii), (iii) below show that neither the bound 
on g nor the hypothesis (5) of the above corollary (part (ii)) can be dropped. 
It would be interesting to have an arithmetical proof of Corollary 3.9 (ii) 
(i.e. without the assumption that if is a Weierstrass semigroup), because any 
counter example to the above question would be a numerical semigroup that 
cannot be realized as Weiertrass semigroup. This numerical semigroup could 
be see as a "mid term" between the examples stated in the last section. The 
most simple case of the above question is for A = 2. But this case does not 
provide any counter example [Tl]. 

Remarks 3.11. Let A, 7 be a prime and a non-negative integer respec- 
tively and suppose p ]/2N. 
(i) The following example has respect to Lemma 2.1, Corollary 2.7, Lemma 
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3.1, Corollary 3.5 (ii) and item (Al) of Theorem A. Let g > he an inte- 

g-2T ' 
N-1 



ger such that g — N'j = (mod (A^ ^1)) and L := ^^_T h 1 is coprime 



with 2N. Define ii := 2'j + 1 and ^2 := ^~ jyJl (hence ii + 2^2 = -^). For 
j = 1, . . . ,ii,k = 1, . . . ^2, choose aj, bk pairwise distinct elements of K. Now 
consider the curve X defined by the equation 

y^^ = n (x - aj) U {x- hkf 

j=l k=l 

Then, by the Riemann-Hurwitz relation we have that the genus of X is g. 
Moreover, X is a A^-sheeted covering of the hyperelliptic curve X of genus 
7 whose field of rational functions is K{x,z), where z = y^ /IT''^^-^ {x — bk). 
Since gcd{L,2N) = 1, there exist just one point P E X over a; = oo and 
consequently X is a curve of type {N, 7) over X. 

Claim: H{P) = H := {2N, L, {2-f + 1)N). 

This claim shows that the result in Lemma 2.1 is the best possible. Considering 
g = Pa{A, N, 7), we have L = AN — 1 and hence mA--y{H) < AN — 1 provided 
A > 27. Hence the claim also shows the sharpness of the bound on g of 
Corollary 2.7. By specializing A = 27 we also see the sharpness of the bound 
on g of Lemma 3.1 and Corollary 3.5 (ii) (case p ]/N) respectively. With respect 
to item (Al) is not difficult to see that in the above curve X (with A = 27), 
all the Weierstrass semigroups at totally ramified points are not of type {N, 7) 
(the case X = 2 is in [T, Remark 3.9]). However, we cannot say the same 
about the other Weierstrass semigroups of X. 

Proof of the Claim. Since the genus of H is at most g, it will be enough to 
show that H C H{P). This is true because, divoo(a:) = 2NP, diVoo(|/) = LP, 
and (27 + 1)A^ G H{P) due to the fact that P is totally ramified over X which 
has genus 7. □ 

(ii) This example is related to the bound on the genus in Lemma 3.8 and item 
(A4) of Theorem A. Set ii := 2N'~f + 2A^ — 1. The curve X defined by the 
equation 

y^^ = H (x-aj), 

where the a's are pairwise distinct elements of K, has the following properties: 

(1) its genus is g = N{2N - l)-f + {N - 1){2N - I) =p3(X,7); 

(2) the Weierstrass semigroup at the unique point P over a; = 00 is generated 
by 2A^ and ii, 

(3) mA-^{P) = AN provided 27 < A < 47 + 4 - ^; 

(4) it cannot be an X-covering of a curve of genus 7. 
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Consequently, the upper bound psi^N, 7) for the genus in both Lemma 3.8 and 
item (A4) is necessary for 27 + l<A<47 + 4 — -|:. In particular, if N-1 is 
the biggest integer < ^J-^-i^ ^ Psi^^l) is sharp. In the other cases, we don't 
know the sharpness of p^i^A, u, N, 7). 

Proof of properties (1)— (4). (1) follows from Riemann-Hurwitz relation. 
To prove (2), we notice that div(a;) = 2NP and dw{y) = iiP and so H{P) ^ 
{2N,ii). Since the last semigroup also has genus g, we have (2). To prove (3) 
we notice that in the interval [1, AN] the number of multiples of N non-gaps 
of H{P) is I (or {A + l)/2); it has | - 7 (or {A - l)/2 - 7) non-gaps which 
are congruent to 2N — 1 module A^, and its other non-gaps are bigger than 
AN (here we use A < 47 + 4 — -|:). Finally, if X is an A^-sheeted covering of a 
curve of genus 7, by Castelnuovo's lemma (Lemma 3.2) the genus g would be 
at most (2iV7 + 2A^ - 2)(A^ - 1) + iV7 < p3(A^, 7), a contradiction. 
(iii) Here, we show that the arithmetical conditions (5) cannot be dropped if 
we suppose 

g > max {-AN[A{N -2) + 2-f + 3], A{N -1){N -2) + {3N -2)-f + 3{N -1)}. 

Since A > 27 + 1 we have -j^ < 2N — 1 and then one has to check (5) 
among the integers of the set [2, 2A^ — 1] \ A^. Let t be an integer of the above 
set such that t\A and set r := -p — A + 7 + I. Let g > he an integer satisfying 
the above bound and such that ii := -^^ + 1 is also an integer. The curve 
in the previous remark, with rt instead of 2A^ and the above ii, has genus g 
and just one point P over a; = 00 which satisfies mA-'y{P) = AN (here we use 
the first part of the bound). But X cannot be an A^-sheeted covering because 
on the contrary by Castelnuovo's lemma (Lemma 3.2) the genus would be at 
most the second part of the above bound. 

(iv) Finally, some words about items (A2) and (A3). Since statement (ii) of 
Theorem A is stronger than (iii), one might expect to sharpen p3(A^, 7) (this 
would be relevant to the examples in the next section). In order to do that, 
one might use Castelnuovo's theory (cf. e.g. [E-H-1, § 3], [Ci]) or "results" 
extending this theory to Hilbert functions of points in projective spaces [E-G- 
H]. Specifically, one could use analogous bounds to c((i, r) in order to deal with 
curves of genus g < p3(A^, 7) = c{AN,A — 7). The point is that one knows 
how must look the curves whose genus attain the mentioned bounds. For 
instance, one can applied the above considerations to double covering of curves 
of genus one or two and the result is that (A2) is still valid for g > P3(2, 7) — 2 
(7 G {1,2}) (see also [G, Lemmas 7 and 9]). In general, we think that item 
(A2) must be true with a bound of type "p3(A^, 7) — A^". We remark that by 
applying the arithmetical properties of semigroups of type (A^, 7) one can find 
a "kind of algorithm to compute Hilbert functions" . We will intend to describe 
this in a later paper. 
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With respect to the sharpness of the bound on g of item (A3), we just want 
to say that it depends on the existence of certain Weierstrass semigroups. □ 

4 Hurwitz's question. 

In this section we construct numerical semigroups with ig given, that cannot 
be reahzed as Weierstrass semigroup. These examples will include symmetric 
and quasi-symmetric semigroups generalizing those in [T, Scholium 3.5] and 
[0-S, Example 6.5]. 

4.1 Corollaries of Buchweitz's criterion; case n = 2. 



Let X be a curve, H a numerical semigroup both of genus g. Denote by 
ii = ii{H) <, . . . ,ig = ig{H) (resp. G„ = G{H)) the gaps (resp. the set of 
sums of n gaps) of H . By the definition of g and by the semigroup property 
of iJ, we have g < ig < 2g — 1 ([B, O]). Semigroups with ig = g are realized 
for all but finitely many points of X provided it is defined in characteristic 
zero or characteristic larger than 2g-2 (see e.g. [S-V]). In the remaining cases 
the situation can be different (see e.g. [Sch], [G-V]). On the other hand, if 
ig = 2g — 1, H is called symmetric because between the non-gaps and gaps 
of H we have the following property: S'(l): "h E H <^ ig - h E G{H)" . 
These semigroups are important at least for two reasons : 1) they arise in 
a natural way in the context of Gorenstein rings (cf. [Ku]); 2) for n > 2, 
#G„ = (2n— l){g — 1) ([O, Thm. 1.5]), i.e., they satisfy Buchweitz's criterion 
(BC) (see Section 1). 

What can be said ii ig < 2g — 1 1 . If ig = 2g — 2, H still satisfies prop- 
erty iS'(l) except for g — 1 [O, Prop. 1.2] ( consequently H is called quasi- 
symmetric). Then, it is not surprising that quasi-symmetric semigroups also 
satisfy (BC). In fact, here we have #G'„ = (2n - l){g - 1) - (n - 2) ([0-S, 
Thm. 1.1]). As in the case of the symmetric semigroups, these semigroups 
can also be realized as Weierstrass semigroups of Gorestein curve, but in view 
of the term "— (n — 2)" above, here one has to allow reducible curves (cf. [O- 
S, / 3]). In general we have the following properties of type 5'(1). Suppose 
ig E {2g — 2i + l,2g — 2i} with i > 1. Considering the pairs {r,ig — r) for 
r = 1, . . . ,g — i, H satisfies the property 

S{i) : If ig is odd, H fulfils property S{1) except 2i — 2 gaps of type: g — i < 
/ij_i < . . . < hi < ig, ig — hi^i, . . . ,ig — hi. If ig Is eveu, H fulfils condition 
S{1) except 2i — 2 gaps of the above type and the gap {g — i). 

Since for i > 1 we have gaps different from those arising in S'(l), it seems 
to be difficult to obtain a closed form for t^G^. However, we think that the 
following must be true provided i„ <2g — 2: 
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Gn = {n,n + l,...,{n- l)ig} U {{n - 1)4 + ij : J = I, . . . g}. 

k=l 

From the proof of [0-S, Thm. 1.1] at least the inclusion "5" holds. In 
particular we have 

4^G2 = {ig~l)+g + A, 

where A is a non-negative integer. Consequently if A > 2i — 2 (resp. 2i — l) for 
ig = 2g — 2i + l (resp. 2g — 2i), by Buchweitz's criterion H is not a Weierstrass 
semigroup. Now, consider the following sequences of gaps obtained from those 
of property S{i): 

2hi > . . . > hi + /ij_i, and 

2h2> ... > 2hi-i. 
With the above notation we have 

Lemma 4.1.1. Let H he a numerical semigroup with ig = 2g — 2i + 1 
and i > A. U hi + hi^i > 2/i2 and 2ig - hu - K G G{.H) for {u,v) = 
(1, 1), . . . , (1, i — 1) and {u, v) = (2, 2), . . . , (2, i — 1), then H is not a Weierstrass 
semigroup. 

Proof. The hypothesis involving G{H) means that hu + h^ is not the sum 
of ig with some other gap. Consequently from the sequences of gaps above we 
have A > 2i — 2 and it follows the proof. □ 

Using this criterion we can exhibit numerical semigroups with a fixed last 
gap which cannot be realized as Weierstrass semigroups. The following exam- 
ple with 2 = 4, (7 = 16 is the well known Buchweitz's semigroup. 

Corollary 4.1.2. Let g,i be integers so that g > 9i — 20, i > 4 and 
3(7 + 5i — 20 even, say equal to 2hi. Then the numerical semigroup whose gaps 
are 

{1,2, . . . , g - i, hi - {a + 2{i - 3)), . . . , hi - (a + 2), hi - a, hi,2g - 2i + 1}, 

where a = 2? — 5 is not a Weierstrass semigroup. □ 

In the above examples one can use a > 2i — 6 provided that g > 2a — 10 + 5i 
and 3g + 2a + i — 10 even. 

4.2 An application of item (A2) of Theorem A. 

First we notice that from the proof of item (A2), if A^ is prime and H = {mo = 
0, mi, . . .} is a Weierstrass semigroup of type (A^, 7) of genus g > P3{N, 7), then 
the numerical semigroup 

Tr{H) = {^ : 1 < i < 7} U {27 + i : i e IN} 



TORRES 16 

is also a Weierstrass semigroup. We use this remark to prove an analogue 
of Corollary 4.1.2. The semigroups of this result are also inspired by the 
properties S{i) of the last subsection. Fix a numerical semigroup H of genus 
7 such that it is not a Weierstrass semigroup. Let A^ be a prime and g and 
integer. Write g = XN + u with < -u < A^. Let / be an integer such that 
/ < -u if -u > and f < N otherwise. Set NH := {hN; h e H}. We are only 
going to consider the case 2g — f ^ (mod A^) because in the other case we 
can replace g hj g + 1. 

Corollary 4.2.1. With the above notation, consider the following sets 

(1) Hi=NHU{2g- f -r:r ^ NH, r < ^ - 1}, if 2m ^ [A^, / + A^] 

(2) H2 = Hi\ {e} otherwise; where e is the biggest integer < {2g — /)/2. 

If g > p3(A^, 7), then Hi and H2 are numerical semigroups of type (A^, 7) 
of genus g whose last gap is 2g — f which are not Weierstrass semigroups. 

Proof. Set H for Hi or H2. We notice that 7r(iJ) = H and so it will 
be enough to prove the arithmetical statements. By the definition of H and 
the hypothesis on g, it follows that if is a semigroup of type (A^, 7) such that 
H D {2g, 2^ + 1, . . .} and ig{H) = 2g - f (here we use 2^ - / ^ (mod A^)). 
Consider H = Hi and let 

U = #{/i eH : h<2g,h = 2g or h = (mod A^)}, 
V = i^{heH ■.h<2g,h ^0 {mod N)} . 

Then 

r2A-7, if M = 0; 

f/ = <^ 2A + 1 - 7, if < 2m < AT; 

[ 2A + 2 - 7, a 2u> N; 

V = ^-1-#{1 < r < g-1 : r G NH}-i^{l <r < g-1 : r = 2u-f{modN)} . 
Since 2u — f ^ N, we have 

r ^ - 1 - (A - 1 - 7) - A, if M = 0; 
V = <^ ^ - 1 - (A - 7) - A, if 2m - / < A^; 

i(?-l-(A-7)-(A + l), if 2m-/ > AT. 

Then U + V = g is the number of non-gaps < 2g of Hi because 2m ^ [A^, n + f]. 
In the other case, from the above computations we get U + V = g + 1 and 
since we have excluded e we are done. □ 

The last two corollaries give us numerical semigroups arising from different 
phenomena. Moreover, notice that the "intersection " of both families of exam- 
ples is empty. By considering the distribution of the respective gaps sequences. 
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we can think about of these examples as being the "extremal" cases of numer- 
ical semigroups that cannot be realized as Weierstrass semigroups. Finally, 
we would like to know if any numerical semigroup which is not a Weierstrass 
semigroup but satisfies Buchweitz's criterion must be of type (A^, 7) for some 
A^ and 7. 
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